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Abstract This paper presents a combined application of the Ritzmethod, the Differential Quadrature (DQ)
method, and the Integral Quadrature (IQ) method to vibration problem of rectangular plates subjected
to accelerated traveling masses. In this study, the Ritz method with beam eigenfunctions is first used to
discretize the spatial partial derivatives with respect to a co-ordinate direction of the plate. The DQ and
IQ methods are then employed to analogize the resultant system of partial differential equations. The
resulting system of ordinary differential equations is then solved by using the Newmark time integration
scheme. The mixed scheme combines the simplicity of the Ritz method and high accuracy and efficiency
of the DQ method. The accuracy of the proposed method is demonstrated by comparing the calculated
results with those of the existing literature. It is shown that highly accurate results can be obtained
using a small number of Ritz terms and DQM sampling points. Finally, the effects of following parameters
having something to do with the title problem are investigated: moving load speed and acceleration, and
transverse inertia of the moving load. Numerical results show that all the above-mentioned parameters
have significant effects on the transient response of such structures under traveling dynamic loads.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The problem of loads traveling along a beam- or plate-like
structure has many applications in engineering systems, most
notably in the design of railroad tracks with high-speed trains,
roadways and runways of airports with aircrafts, and bridges
and elevated roadways with moving vehicles. Other important
applications include beams and plates subjected to pressure
waves, overhead cranes, computer storage disk drives, cables
transporting materials/humans, piping systems subjected to
flowing fluids, and high speed precision machining. In each
of these systems, the accurate calculation of the response is
essential for reliable design and life prediction.
Two simple models of moving loads are generally accepted
in studies of this subject, where the emphasis is placed on
the dynamics of the structure rather than on that of the
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only difference between the two models is that the coupling
between the moving load and the structure in the former
model is neglected. A comprehensive literature survey on the
dynamic behavior of solids and structures under moving loads
has been provided by Fryba [1]. According to his book, based
on the complexities induced by consideration of moving mass
inertia in the problem formulation and solution process, in the
majority of cases considered, the effect of mass inertia has been
dropped in the problem formulation. The transverse inertial
effects have been a topic of wide interest and investigation.
The results of researchers highlighted the importance ofmoving
mass model compared to the moving force model particularly
in the cases of large moving mass and high velocity [2–25].
The Euler–Bernoulli and Timoshenko beam theories have
been widely used by many researchers to model the behavior
of structures subjected to moving loads [2–33]. The use of one-
dimensional models instead of two-dimensional models for
structures under moving loads simplifies the formulation and
analysis of the problem, and often renders acceptable results
when the structure is long and narrow. However, when the
width of the structure is appreciable, it is more convenient to
employ two-dimensional models. Therefore, many researchers
have employed the plate model to examine the dynamic
evier B.V. Open access under CC BY-NC-ND license.
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the effects of acceleration and/or inertia of the moving load
were ignored. Besides, in all of the above-mentioned studies,
the researchers have not considered the effects of non-uniform
inplane loading on the dynamic behavior of plates under
moving loads. To address the lack of research in this aspect,
the present investigation is devoted to study the dynamics of
rectangular plates subjected to non-uniform inplane loading
and accelerated moving loads, with the effects of transverse
inertia considered.
Different analytical and numerical methods have been
widely used over past few decades to tackle the problem.
Fryba [1] presented in his monograph various analytical
solutions for vibration problems of simple structures under
moving loads. As analytical methods are often limited to
simple moving load problems, many researchers have resorted
to various numerical methods. The Finite Element Method
(FEM) is one of the most versatile numerical methods used
by many researchers to handle the problem. The governing
partial differential equations are first reduced to a set of
ordinary differential equations in time by spatial discretization.
Then either modal superposition or step-by-step integration
in time domain is applied to solve the resulting equations.
Although varying positions of the moving load need some
careful considerations [50], the finite element method is
especially powerful due to its versatility in the spatial
discretization. However, the number of unknowns involved and
the amount of input data are very large in the finite element
method. To overcome this difficulty, this paper presents a
simple mixed method in which the number of unknowns is
substantially reduced. In this method, the Ritz method with
beam eigenfunctions is first employed to discretize the spatial
partial derivatives with respect to a co-ordinate direction of the
plate. The Differential Quadrature (DQ)method and the Integral
Quadrature (IQ) method are then employed to analogize the
resulting system of partial differential equations. The Newmark
time integration scheme in then used to solve the resultant
system of ordinary differential equations. The proposed mixed
method combines the simplicity of the Ritz method and high
accuracy and efficiency of the DQ method and may be viewed
as a development of the mixed Ritz-DQ method [51] and
mixed DQ-Ritz method [52] which are recently proposed by
the present authors to study the free and forced vibration,
and buckling of rectangular plates. It has also been claimed
that the proposed mixed methodology can overcome some of
limitations of both the Ritz method and the DQ method (for
more details see [51,52]).
2. Governing equation and Ritz formulation
The physical system analyzed is an elastic isotropic rect-
angular plate of thickness h, length a, width b, mass density
ρ, Young’s modulus E, Poisson’s ratio µ, and bending stiffness
D = Eh3/12(1 − µ2); supporting a mass traveling at a time-
dependent velocity v(t), as shown in Figure 1. The problem in-
volves an elastic foundation and initial stresses due to uniform
edge forces Nx and Ny (see Figure 1). The foundation is of the
Winkler type with stiffness kf . The problem at hand is to deter-
mine the transient response of the initially stressed rectangu-
lar plate due to the traveling mass. The mass enters the plate
at t = 0 and exits the plate at t = T . According to the classi-
cal theory of thin plates, when the mass slides over the plate,Figure 1: Geometry and co-ordinate system for an initially stressed simply
supported plate rested on Winkler foundation and subjected to an accelerated
traveling mass.
i.e. 0 ≤ t ≤ T , the lateral deflection, w(x, y, t), of the plate
satisfies the partial differential equation:
w,xxxx + 2w,xxyy + w,yyyy + kfD w +
c
D
∂w
∂t
+ ρh
D
w,tt
− Nx
D
∂2w
∂x2
− Ny
D
∂2w
∂y2
= −M
D
(g + w¨(xM(t), yM , t)) δ(x− xM(t))δ(y− yM), (1)
where a subscript comma denotes partial differentiation, c is
damping constant, M is the mass of moving load, g is the
acceleration due to gravitation, δ(x) is the Dirac delta-function,
xM(t) = v0t + 12αt2 and yM are the position co-ordinate of
the moving mass in x-direction and y-direction, respectively,
and the dot notation is used to denote the differentiation with
respect to time. Moreover, v0 and α are, respectively, the initial
velocity and acceleration of the moving load. w¨(xM(t), yM , t) is
the transverse acceleration of the plate under the moving mass
and is given by:
w¨(xM(t), yM , t)
=

∂2w
∂t2
+ 2v ∂
2w
∂x∂t
+ v2 ∂
2w
∂x2
+ α ∂w
∂x

x=xM (t),y=yM
,
v = v0 + αt. (2)
The interaction force induced by themovingmass in transverse
direction is:
F = Mw¨(xM(t), yM , t)
= M

∂2w
∂t2
+ 2v ∂
2w
∂x∂t
+ v2 ∂
2w
∂x2
+ α ∂w
∂x

x=xM (t),y=yM
, (3)
where M∂2w/∂t2is inertia force, 2Mv∂2w/∂t∂x is Coriolis
force, and Mv2 ∂2w/∂x2is centrifugal force. In the absence of
this term Eq. (1) reduces to the familiar case of a plate under a
moving concentrated force:
w,xxxx + 2w,xxyy + w,yyyy + kfD w +
c
D
∂w
∂t
+ ρh
D
w,tt
−Nx
D
∂2w
∂x2
− Ny
D
∂2w
∂y2
= −Mg
D
δ(x− xM(t))δ(y− yM). (4)
From Eqs. (1), (3) and (4) one sees that the difference between
solutions of the moving force and moving mass models can
grow with increasing M (mass value), v (mass velocity), and α
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are assumed to be linear functions of y and x, respectively. For
convenience, let Nx = Nx0 f¯ (y) and Ny = Ny0 g¯(x)where f¯ (y) and
g¯(x) are arbitrary linear functions of y and x, respectively.
It is noted that the Dirac delta-function, given in Eq. (1), has
the following properties:
δ(x− x0) = 0 for all x ≠ x0, (5) ∞
0
f (x)δ(x− x0)dx = f (x0). (6)
Using separation of variable technique, the deflection of the
plate can be written in the following form:
w(x, y, t) =
n
j=1
ψj(y, t)φj(x), (7)
whereψj(y, t) are Ritz parameters,φj(x) are Ritz trial functions,
and n is the number of Ritz terms used for approximation of
solution. There are many choices for the Ritz trial functions.
In this study, the beam eigenfunctions are chosen as the Ritz
trial functions which are derived from the solution of the beam
vibration differential equation:
d4φ
dx4
= λ4φ. (8)
The general form of the beam eigenfunctions is:
φj(x) = c1 sin(λjx)+ c2 cos(λjx)+ c3 sinh(λjx)
+ c4 cosh(λjx), j = 1, 2, . . . , n, (9)
where the coefficients ci(i = 1, 2, 3, 4) are to be determined by
the end conditions.
Substituting Eq. (7) into Eq. (1), multiplying both sides of
resulting equation byφi(x), and performing the integration over
the length of the plate (0 ≤ x ≤ a), we obtain:
[A]{ψ} + 2[C]{ψ,yy} + [B]{ψ,yyyy} + kfD [B]{ψ} +
c
D
[B]{ψ,t}
+ ρh
D
[B]{ψ,tt} − NxD [C]{ψ} −
Ny0
D
[B¯]{ψ,yy}
= −M
D
({f } + [D]{ψ,tt} + [E]{ψ,t} + [F ]{ψ}
+ [J]{ψ})δ(y− yM), (10)
where:
Aij =
 a
0
φi,xxφj,xxdx+ [φiφj,xxx − φi,xφj,xx]a0,
i, j = 1, 2, . . . , n, (11)
Bij =
 a
0
φiφjdx, (12)
Cij = −
 a
0
φi,xφj,xdx+ [φiφj,x]a0, (13)
B¯ij =
 a
0
g¯(x)φiφjdx, (14)
fi(t) = gφi(xM(t)), xM(t) = v0t + 12αt
2, (15)
Dij(t) = φi(xM(t))φj(xM(t)), (16)
Eij(t) = 2vφi(xM(t))φj,x(xM(t)), v = v0 + αt, (17)
Fij(t) = v2φi(xM(t))φj,xx(xM(t)), (18)
Jij(t) = αφi(xM(t))φj,x(xM(t)), (19){ψ} = [ψ1 ψ2 · · · ψn]T , (20)
{ψ,yy} = [ψ1,yy ψ2,yy · · · ψn,yy]T , (21)
{ψ,yyyy} = [ψ1,yyyy ψ2,yyyy · · · ψn,yyyy]T , (22)
{ψ,t} = [ψ1,t ψ2,t · · · ψn,t ]T , (23)
{ψ,tt} = [ψ1,tt ψ2,tt · · · ψn,tt ]T . (24)
It can be seen that the transverse inertial effects are appeared
in the form of time-dependent matrices [D], [E], [F ] and [J].
Moreover, theses matrices are to vary with the position of
movingmass on the plate.Mathematically, Eq. (10) represents a
systemof linear coupled partial differential equations of fourth-
order. In this study, the system (Eq. (10)) is first discretized by
using the DQ and IQ methods. The resulting system of ordinary
differential equations is then solved by using the Newmark
scheme [53].
3. The DQ and IQ rules
Let f (y) be a solution of a differential equation and y1 =
0, y2, y3, . . . , ym = b be a set of sample points in the y direction.
According to DQ rule, the rth-order derivative of the function
f (y) at any sample point can be approximated by the following
formulation [54,55]:
f (r)(yi) =
m
j=1
W (r)ij f (yj), (25)
wherem is the number of sample points in the y direction, f (yj)
represents the functional value at a sample point yj, f (r)(yi)
indicates the rth-order derivative of f (y) at a sample point
yi, and W
(r)
ij are the weighting coefficients of the rth-order
derivative.
The IQ rule for the function f (y) can be written as: b
0
f (y)dy =
m
j=1
Zjf (yj), (26)
where Zj are weighting coefficients.
In order to implement the DQ and IQ rules, one needs to
know the associated weighting coefficients a priori. This can
be done by the functional approximations in the respective co-
ordinate directions. In this study the Lagrange interpolation
functions and the polynomial test functions (in the form
yj−1, j = 1, 2, . . . ,m) are employed to compute the DQ and IQ
weighting coefficients, respectively. It is noted that the DQ and
IQ rules may be written for a vector {f (y)} as follows:
{f (r)(yi)} =
m
j=1
W (r)ij {f (yj)}, (27)
 b
0
{f (y)}dy =
m
j=1
Zj{f (yj)}, (28)
wherein {f (yj)} represents the magnitude of the vector {f (y)}
at a sample point yj.
4. The DQ and IQ analogues of resulting system of partial
differential equations
Let the problemdomain in y co-ordinate direction 0 ≤ y ≤ b
be divided by (m − 1)intervals with co-ordinates of sampling
points as y1 = 0, y2, . . . , ym = b. With the co-ordinates of
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in y-direction may be described by:
yM = yk, 1 ≤ k ≤ m. (29)
Now, from properties of the Dirac delta-function, Eq. (10) may
be written for the sampling points y1, y2, . . . , yk−1, yk+1, . . . ,
ym as:
[A]{ψ(yi)} + 2[C]{ψ,yy(yi)} + [B]{ψ,yyyy(yi)}
+ kf
D
[B]{ψ(yi)} + cD [B]{ψ,t(yi)} +
ρh
D
[B]{ψ,tt(yi)}
− N
x
0
D
f¯ (yi)[C]{ψ(yi)} − N
y
0
D
[B¯]{ψ,yy(yi)} = {0},
i = 1, 2, . . . , k− 1, k+ 1, . . . ,m, (30)
where {0} is the zero vector of size n × 1. Substituting the DQ
rule into Eq. (30), the quadrature analog of the system (Eq. (30))
is obtained as:Ç
[A] + kf
D
[B]
å
{ψ(yi)} + 2[C]
m
j=1
W (2)ij {ψ(yj)}
+ [B]
m
j=1
W (4)ij {ψ(yj)} +
c
D
[B]{ψ,t(yi)}
+ ρh
D
[B]{ψ,tt(yi)} − N
x
0
D
f¯ (yi)[C]{ψ(yi)}
− N
y
0
D
[B¯]
m
j=1
W (2)ij {ψ(yj)} = {0},
i = 1, 2, . . . , k− 1, k+ 1, . . . ,m. (31)
To obtain the quadrature analog of the system (Eq. (10)) at
y = yk, we should first evaluate the integral of Eq. (10) over
the interval [0, b]. By doing so and using the IQ rule, we obtain:Ç
[A] + kf
D
[B]
å m
j=1
Zj{ψ(yj)} + 2[C]
m
j=1
Zj{ψ,yy(yj)}
+ [B]
m
j=1
Zj{ψ,yyyy(yj)} + cD [B]
m
j=1
Zj{ψ,t(yj)}
+ ρh
D
[B]
m
j=1
Zj{ψ,tt(yj)} − N
x
0
D
[C]
m
j=1
Zj f¯ (yj){ψ(yj)}
− N
y
0
D
[B¯]
m
j=1
Zj{ψ,yy(yj)} = −MD ({f } + [D]{ψ,tt(yk)}
+ [E]{ψ,t(yk)} + ([F ] + [J]){ψ(yk)}). (32)
Now, substituting the DQ rule into Eq. (32) yields:Ç
[A] + kf
D
[B]
å m
j=1
Zj{ψ(yj)} + 2[C]
m
j=1
Zj
m
l=1
W (2)jl {ψ(yl)}
+ [B]
m
j=1
Zj
m
l=1
W (4)jl {ψ(yl)} +
c
D
[B]
m
j=1
Zj{ψ,t(yj)}
+ ρh
D
[B]
m
j=1
Zj{ψ,tt(yj)} − N
x
0
D
[C]
m
j=1
Zj f¯ (yj){ψ(yj)}
− N
y
0
D
[B¯]
m
j=1
Zj
m
l=1
W (2)jl {ψ(yl)}
= −M
D
({f } + [D]{ψ,tt(yk)}
+ [E]{ψ,t(yk)} + [H]{ψ(yk)}), (33)where [H] = [F ]+[J]. Combining Eq. (33)with Eq. (31) gives the
following system of ordinary differential equations of second
order in time:
[I˜]

[M˜]{ ¨˜ψ} + [C˜]{ ˙˜ψ} +

[K˜ ] − N
x
0
D
[L˜] − N
y
0
D
[N˜]

{ψ˜}

= {f˜ } − [D˜]{ ¨˜ψ} − [E˜]{ ˙˜ψ} − [H˜]{ψ˜}, (34)
where the over-dot notation is used to denote the differenti-
ation with respect to time. Moreover, the n × n sub-matrices
[I˜ij], [M˜ij], [C˜ij], [K˜ij], [D˜ij], [E˜ij], and [F˜ij], and the n × 1 sub-
vectors {f˜i} are given by:
[I˜ij] =

Zj[I] i = k
[I] i = j, i ≠ k
[0] otherwise
, i, j = 1, 2, . . . ,m (35)
[M˜ij] = ρhD I¯ij[B], (36)
[K˜ij] = I¯ij
Ç
[A] + kf
D
[B]
å
+ 2W (2)ij [C] +W (4)ij [B], (37)
[C˜ij] = cD I¯ij[B], (38)
[L˜ij] = f¯ (yi)I¯ij[C], (39)
[N˜ij] = W (2)ij [B¯], (40)
[D˜ij] =

M
D
[D] i = j = k
[0] otherwise
(41)
[E˜ij] =

M
D
[E] i = j = k
[0] otherwise
(42)
[H˜ij] =

M
D
[H] i = j = k
[0] otherwise
(43)
[f˜i] =
−
M
D
{f } i = k
{0} otherwise
(44)
where [I] and [I¯]are identity matrices of order n×n andm×m,
respectively, and [0] is the zero matrix of size n× n. Moreover,
{ψ˜} = [{ψ(y1, t)}T {ψ(y2, t)}T · · · {ψ(ym, t)}T ]T , (45)
{ ˙˜ψ} = [{ψ˙(y1, t)}T {ψ˙(y2, t)}T · · · {ψ˙(ym, t)}T ]T , (46)
{ ¨˜ψ} = [{ψ¨(y1, t)}T {ψ¨(y2, t)}T · · · {ψ¨(ym, t)}T ]T . (47)
Due to the simple form of matrices [I˜], [D˜], [E˜] and [F˜ ], Eq. (34)
is further simplified to:
[M˜]{ ¨˜ψ} + [C˜]{ ˙˜ψ} +

[K˜ ] − N
x
0
D
[L˜] − N
y
0
D
[N˜]

{ψ˜}
= {f¯ } − [M˜∗]{ ¨˜ψ} − [C˜∗]{ ˙˜ψ} − [K˜ ∗]{ψ˜}, (48)
wherein:
[M˜∗] = [D˜]/Zk, [C˜∗] = [E˜]/Zk,
[K˜ ∗] = [H˜]/Zk, {f¯ } = {f˜ }/Zk,
(49)
Eq. (48) can also be rewritten as:
[M¯]{ ¨˜ψ} + [C¯]{ ˙˜ψ} + [K¯ ]{ψ˜} = {f¯ }, (50)
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[M¯] = [M˜] + [M˜∗], [C¯] = [C˜] + [C˜∗],
[K¯ ] = [K˜ ] − N
x
0
D
[L˜] − N
y
0
D
[N˜] + [K˜ ∗].
(51)
It is worth mentioning that the matrices [M¯], [C¯] and [K¯ ]
are time-dependent and composed of the constant overall
mass, damping, and stiffness matrices of the entire plate itself
(i.e. matrices [M˜], [C˜] and [K˜ ] given in Eq. (33)) and the
time-dependent mass, damping, and stiffness matrices due to
transverse inertia of the moving mass (i.e., matrices [M˜∗], [C˜∗]
and [K˜ ∗] given in Eq. (46)). Since the position of the traveling
mass changes from time to time, {f¯ } is also a time-dependent
vector.
After applying the boundary conditions to Eq. (50), one can
solve the resulting system of ordinary differential equations for
the transverse displacement of the plate. It is noted that the
imposition of boundary conditions is similar to that of one-
dimensional beam governing discretized equations (see [51] for
detail). By doing so, Eq. (50) reduces to the system of ordinary
differential equations in the following partitioned form:ñ[M¯bb] [M¯bd]
[M¯db] [M¯dd]
ô{ ¨˜ψb}{ ¨˜ψd}+ ñ[C¯bb] [C¯bd][C¯db] [C¯dd]ô{ ˙˜ψb}{ ˙˜ψd}
+
ñ[K¯bb] [K¯bd]
[K¯db] [K¯dd]
ô{ψ˜b}
{ψ˜d}

=
®{f¯b}
{f¯d}
´
, (52)
where the subscripts b and d indicate the grid points used
for writing the quadrature analog of the boundary conditions
and the governing differential equation, respectively. Note that
[M¯bb] and [C¯bb] are zero matrices of order 4n × 4n, [M¯bd] and[C¯bd] are zeromatrices of order 4n×(m−4)n, and {f¯b} is the zero
vector of order 4n×1. By eliminating the (4n×1) column vector
{ψ˜b}, Eq. (52) is reduced to the following system of ordinary
differential equations:
[Mˆ]{ ¨˜ψd} + [Cˆ]{ ˙˜ψd} + [Kˆ ]{ψ˜d} = {f¯d}, (53)
wherein:
[Mˆ] = [M¯dd] − [M¯db][K¯bb]−1[K¯bd], (54)
[Cˆ] = [C¯dd] − [C¯db][K¯bb]−1[K¯bd], (55)
[Kˆ ] = [K¯dd] − [K¯db][K¯bb]−1[K¯bd]. (56)
Mathematically, Eq. (53) represents a system of linear differen-
tial equations of second order in time and, in principal, the so-
lution to the equations can be obtained by standard procedures
for the solution of differential equations with time-dependent
coefficients (see, for example, [53]). In this study, the Newmark
scheme is employed to solve system (53).
For free vibration analysis, the instantaneous matrices
[M˜∗], [C˜∗] and [K˜ ∗], and also the instantaneous load vector {f¯ }
are zero. Therefore, Eq. (48) reads:
[M˜]{ ¨˜ψ} + [K ′]{ψ˜} = {0}, (57)
where:
[K ′] = [K˜ ] − N
x
0
D
[L˜] − N
y
0
D
[N˜]. (58)
Implementing the boundary conditions into Eq. (57) leads to the
following system of ordinary equations
[ıM]{ ¨˜ψd} + [ÛK ]{ψ˜d} = {0}, (59)wherein:
[ıM] = [M˜dd] − [M˜db][K ′bb]−1[K ′bd], (60)
[ÛK ] = [K ′dd] − [K ′db][K ′bb]−1[K ′bd]. (61)
The solution of harmonic vibration of the plate can be written
as:
{ψ˜d(t)} = {Ψ˜d} exp(iωt), (62)
Substituting Eq. (62) into Eq. (59) gives the following general-
ized eigenvalue equation:
[ÛK ]{Ψ˜d} = ω2[ıM]{Ψ˜d}, (63)
which can be directly solved for the eigenvalues ω.
For buckling analysis, the plate inertia is also zero. Therefore
Eq. (57) becomes:
[K ′]{ψ˜} = {0}, (64)
or:
[K˜ ]{ψ˜} =

Nx0
D
[L˜] + N
y
0
D
[N˜]

{ψ˜}. (65)
LetNx0 = Ny0 = N0. Thus, Eq. (65) becomes:
[K˜ ]{ψ˜} = N0
D
[P˜]{ψ˜}, (66)
where:
[P˜] = [L˜] + [N˜] (67)
implementing the boundary conditions into Eq. (66) gives the
following generalized eigenvalue problem:
[K˘ ]{ψ˜d} = N0D [P˘]{ψ˜d}, (68)
where:
[K˘ ] = [K˜dd] − [K˜db][K˜bb]−1[K˜bd], (69)
[P˘] = [P˘dd] − [P˘db][K˜bb]−1[K˜bd], (70)
Eq. (68) can be directly solved for the eigenvaluesN0/D. Clearly,
the critical buckling load is the smallest value of the eigenvalues
N0/D.
5. Numerical examples
To validate the proposed formulation and its implementa-
tion, a number of numerical examples are now presented. The
first example shows the application of the proposed method to
vibration and buckling problems of rectangular plates forwhich
accurate solutions can be found in the literature. In order to
simplify the notations, the boundary conditions for plates are
denoted by a four-letter symbol. For convenience, S, C and F
in a four-letter symbol are denoted as a simply supported, a
clamped and a free edge supports, respectively. For instance, the
symbol CFCF denotes that the plate is clamped at x = 0, x = a,
free at y = 0 and y = b.
The second example is of moving load problem of a
rectangular plate. The numerical results are given for SSSS and
CCCC rectangular plates. For SSSS rectangular plates, accurate
analytical solution is available [1] and the accuracy of the
present mixed method is verified by comparing the calculated
results with those of analytical ones. The same problem is
solved in the third example, but the velocity of the moving load
1200 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Figure 2: Dynamic response of a SSSS square plate under a moving force for different moving speeds.is assumed to varywith time. The fourth example demonstrates
the applicability of the proposed method to the solution of
moving mass problem. Finally, numerical results are given for
initially stressed plates onWinkler foundation and subjected to
an accelerated moving mass and inplane loading. To verify the
proposed method, the present results are compared with ones
obtained by the finite stripmethod (FSM). Some conclusions are
also drawn based on the results reported herein.
In solving the test problems, the Ritz methodwith n number
of terms and the DQmethodwithm number of sampling points
are considered. Moreover, the DQM sampling points are taken
nonuniformly spaced, and are given by the following equations:
y1 = 0, y2 = δ × b,
yi = b/2
ñ
1− cos
Ç
(i− 2)π
m− 3
åô
, i = 3, 4, . . . ,m− 2, (71)
ym−1 = (1− δ)× b, ym = b,where y2 and ym−1 are discrete points very close to the
boundary points (adjacent δ-points), and b is the plate
dimension in y direction. This type of sampling points was
firstly introduced by Bert and Malik [54]. In solving the free
vibration and buckling problems of orthotropic rectangular
plates, the present authors showed that the DQ solutions with
this type of sample points produce better accuracy than the
commonly used uniform and non-uniform sample points [51].
In this work, the DQ results are obtained using δ = 10−3.
5.1. Example 1: Free vibration and buckling of rectangular plates
The accuracy and convergence of the mixed Ritz-DQ
methodology, when simple and orthogonal polynomial func-
tions are employed as the Ritz trial functions, has been well
studied in [51,52]. In this study, we will show that the method
can also produce accurate solutions when beam eigenfunctions
are employed as the Ritz trial functions. The natural frequen-
cies of a CCCC square plate are calculated using different values
S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213 1201Figure 3: Dynamic response of a CCCC square plate under a moving force for different moving speeds.of n (number of Ritz terms), and m (number of DQM sampling
points). Table 1 demonstrates the converging trend of solutions
with increasing n andm. The present results are also compared
with the Ritz solutions of [56]. It can be seen that the present
results converge very quickly and agree well with the Ritz so-
lutions of [56]. In Table 2, the numerical results are given for
different boundary conditions of the plate. It can be seen that
the obtained natural frequencies are in close agreement with
those of [56], however, slightly smaller, which should be so as
the Ritz method essentially represents an upper bound limits.
To show the applicability of the presented technique for
the buckling problem of plates, the buckling analysis of a
CCCC square plate under linearly varying inplane stresses is
performed. The plate is assumed to be under linearly varying
distributed compressive load in the form Nx = −Nx0
Ä
1− 23 yb
ä
.
Table 3 shows the convergence study for the buckling load. The
DQMsolution result of [57] is also cited for comparison. It can be
seen that the present solution result agree well with the DQMsolution result of [57]. Moreover, a small number of Ritz terms
and DQM sampling points are required to achieve converged
solutions. Note that converged solution results can be obtained
with n = 7 andm = 11.
5.2. Example 2: Forced vibration of rectangular plates due to a
moving point load
Consider a concentrated load moving with a constant speed
on a SSSS rectangular plate. The data for the plate and moving
load in the all the numerical examples (in this and following
sections) are given by:
ρh
D
= M
D
= 0.0001,
yM = b/2, a = 10 m, b = 10 m.
(72)
All the numerical results presented in this paper are obtained
based on the acceleration of gravity g = 9.81 m/s2, and the
1202 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Figure 4: Dynamic response of a SSSS square plate under an accelerated moving force for different initial velocities and accelerations.Figure 5: Dynamic response of a SSSS square plate under a decelerated moving force for different initial velocities and accelerations.time interval∆t = T/999, where T being the traveling time for
the moving load.Figure 2 shows the dynamic deflections under the moving
load (i.e., the function w(xM(t), yM , t)) for different moving
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Ä
Ωi = ωia2√ρh/D
ä
of a square CCCC plate.
n Ω m = 9 m = 11 m = 13 m = 15 m = 17 Ritz [56]
2 2 73.450 73.440 73.440 73.440 73.440 73.413
4 109.102 108.540 108.535 108.535 108.535 108.27
6 158.920 165.368 165.794 165.799 165.799 132.24
4 2 73.416 73.406 73.406 73.406 73.406
4 108.863 108.304 108.300 108.299 108.299
6 131.946 132.051 132.272 132.276 132.276
6 2 73.408 73.399 73.398 73.398 73.398
4 108.808 108.250 108.245 108.245 108.245
6 131.927 132.029 132.224 132.227 132.227
8 2 73.406 73.396 73.396 73.396 73.396
4 108.790 108.233 108.229 108.228 108.228
6 131.921 132.023 132.211 132.214 132.214
10 2 73.405 73.395 73.395 73.395 73.395
4 108.784 108.227 108.222 108.222 108.222
6 131.919 132.021 132.206 132.209 132.209
1204 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Figure 7: Dynamic response of an initially stressed SSSS square plate under a moving load for different moving load models and speeds (M/D = 0.001).Figure 8: Dynamic response of an initially stressed SSSS square plate under a moving load for different moving load models and mass values (v = 20 m/s).load speeds. The analytical solutions by modal technique
of Fryba [1] are also shown for comparison. An excellent
converging trend of solutions with respect to the number ofRitz terms, n, and DQM sampling points, m, can be observed.
Besides, the results are in good agreement with exact solutions
of Fryba [1].
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Ä
Ωi = ωia2√ρh/D
ä
of square plates with different boundary conditions (m = 15).
Plate Ω n = 2 n = 4 n = 6 n = 8 n = 10 Ritz [56]
CCCF 1 23.985 23.957 23.943 23.936 23.931 24.020
3 63.293 63.271 63.256 63.247 63.241 63.493
5 80.735 80.631 80.604 80.594 80.588 80.713
CCCS 1 31.886 31.835 31.828 31.827 31.826 31.829
3 71.112 71.085 71.079 71.078 71.077 71.084
5 116.96 116.49 116.40 116.37 116.36 116.40
CCSS 1 27.075 27.057 27.055 27.054 27.054 27.056
3 60.856 60.798 60.789 60.787 60.787 60.791
5 114.85 114.59 114.57 114.56 114.56 114.57
CSCF 1 23.426 23.402 23.391 23.384 23.380 23.460
3 62.940 62.921 62.907 62.899 62.893 63.126
5 77.514 77.426 77.403 77.394 77.390 77.502
CFCF 1 22.225 22.199 22.186 22.180 22.176 22.272
3 43.990 43.682 43.630 43.615 43.609 43.664
5 67.290 67.251 67.230 67.216 67.207 67.549Figure 9: Dynamic response of a SSSS square plate under an accelerated moving load and linearly varying inplane stresses for different moving load models, initial
velocities, and accelerations (M/D = 0.005).Now consider a moving point load on a plate with clamped
boundary conditions (i.e., a CCCC plate). Since analytical
solutions do not exist for this condition, the present problem
is also solved using the finite strip method (FSM). In the
numerical analysis using FSM, the plate is divided into 10
finite strips along y coordinate direction and 9 terms of the
series are taken into account along the x co-ordinate direction
(where the load is traveling) to obtain sufficient accuracy
and establish convergence. A comparison between the present
mixedmethod and FSMwas made in [51]. It was found that the
present mixed method is more accurate and efficient than the
FSM for analyzing the vibration problem of rectangular plates.
Therefore, in this study, we only compare the present results
with those of FSM to validate the present formulation. ResultsTable 3: Convergence of buckling load (Na2/π2D) of a CCCC square plate
under uniaxial linearly varying compressive load.
n m = 9 m = 11 m = 13 m = 15 m = 17 [57]
1 15.950 15.944 15.944 15.944 15.944 14.963
3 14.996 14.990 14.990 14.990 14.990
5 14.973 14.967 14.967 14.967 14.967
7 14.971 14.964 14.964 14.964 14.964
9 14.970 14.963 14.963 14.963 14.963
for the dynamic deflections under themoving load are shown in
Figure 3 for different values of n andm. Very good agreement is
observed between the present results and those obtained from
FSM.
1206 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Figure 10: Dynamic response of a SSSS square plate under an accelerated moving load and linearly varying inplane stresses for different moving load models, initial
velocities, and accelerations (M/D = 0.01).5.3. Example 3: Forced vibration of rectangular plates on Winkler
foundation due to a moving accelerated load
Consider a SSSS rectangular plate on an elasticWinkler foun-
dation and subjected to a moving accelerated (or decelerated)
load. The elastic foundation stiffness coefficient is given by:
kf
D
= 0.2. (73)
Figure 4 shows the dynamic deflection under accelerated
moving load and Figure 5 shows that under deceleratedmoving
load. The results are compared with those from the FSM using
10 finite strips and 9 terms of the series solution. Very good
agreement is observed. From Figures 4 and 5 one also sees that
the time or location at which the maximum response occurs
for accelerated motion of moving load differs from that for
decelerated motion of moving load. In accelerated motion of
the moving load, the maximum displacement is occurred at the
right side of the midpoint when initial speed of the moving
load is zero. By increasing the magnitude of the initial speed,
the location of the maximum response approaches to the left
end of the plate. But, in decelerated motion of moving load,
the maximum displacement is occurred at the left side of the
midpoint and its location approaches to the right end of the
plate by increasing the magnitude of the initial speed.
5.4. Example 4: Forced vibration of initially stressed rectangular
plates due to a moving point mass
Consider a rectangular platewith simply supported end con-
ditions subjected to a moving point mass and inplane stresses
Nx
D = 0.5 and NyD = 0.2. The history curves for deflections
under moving mass are shown in Figure 6, and comparedwith results from the FSM. Very good agreement is again
observed. In Figures 7 and 8 the results of moving force model
are compared with those of moving mass model for different
moving load speeds and mass values. From these figures one
sees that the moving mass model predicts larger deflections
than the moving load model at high speeds and large mass val-
ues. Therefore, the effects of transverse inertia of the moving
mass cannot be neglected in these cases.
5.5. Example 5: Forced vibration of rectangular plates on Winkler
foundation and subjected to linearly varying inplane loading and
accelerated moving masses
Consider a SSSS rectangular plate on an elasticWinkler foun-
dation and subjected to a moving accelerated (or decelerated)
mass and linearly varying inplane stresses (see Figure 1). The
parameters used in this numerical example are as follows:
ρh
D
= 0.0001, yM = b/2, a = 10 m,
b = 10 m, kf
D
= 0.2, Nx
D
= N
x
0
D
y = 0.5y,
Ny
D
= N
y
0
D
x = 0.2x.
(74)
Figures 9 and 10 show the dynamic deflections under the
moving load for different acceleration and mass values for
moving force and moving mass models. The results for
decelerated motion of the moving load are shown in Figures 11
and 12. It can be seen that the shape of dynamic response and
the location of the maximum response predicted by moving
load model differ considerably from those predicted by moving
mass model. The shape of dynamic responses predicted by
moving mass model are smoother that those predicted by
S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213 1207Figure 11: Dynamic response of a SSSS square plate under a decelerated moving load and linearly varying inplane stresses for different moving load models, initial
velocities, and accelerations (M/D = 0.005).Figure 12: Dynamic response of a SSSS square plate under a decelerated moving load and linearly varying inplane stresses for different moving load models, initial
velocities, and accelerations (M/D = 0.01).
1208 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Figure 13: Effect of foundation stiffness on dynamic response of a SSSS square plate under a moving mass and linearly varying inplane stresses for different initial
velocities and accelerations (M/D = 0.01).Figure 14: Effect of inplane stresses on dynamic response of a SSSS square plate under amovingmass for different initial velocities and accelerations (M/D = 0.01).moving force model. From these figures one also sees that
the moving mass model predicts larger deflections than the
moving load model at high accelerations and decelerations,and large mass values. Therefore, the transverse inertial effect
of the moving mass cannot also be neglected for accelerated
and decelerated motions of the moving load. On the other
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Ä
Ωi = ωia2√ρh/D
ä
of square plates with different boundary conditions.
Plate Ω N = 5× 5 N = 10× 10 N = 15× 15 N = 20× 20 N = 25× 25 N = 30× 30 N = 40× 40 Exact [56]
SSSS 1 19.7403 19.7393 19.7392 19.7392 19.7392 19.7392 19.7392 19.7392
2 49.4014 49.3514 49.3487 49.3482 49.3481 49.3481 49.3480 49.3480
3 49.4014 49.3514 49.3487 49.3482 49.3481 49.3481 49.3480 49.3480
4 79.0265 78.9611 78.9577 78.9571 78.9569 78.9569 78.9569 78.9568
5 99.3402 98.7390 98.7046 98.6988 98.6972 98.6966 98.6962 98.6960
6 99.3402 98.7390 98.7046 98.6988 98.6972 98.6966 98.6962 98.6960
SCSS 1 23.6514 23.6466 23.6464 23.6463 23.6463 23.6463 23.6463 23.6463
2 51.7404 51.6787 51.6752 51.6746 51.6744 51.6743 51.6743 51.6743
3 58.7666 58.6540 58.6479 58.6468 58.6466 58.6465 58.6464 58.6464
4 86.2924 86.1449 86.1366 86.1351 86.1347 86.1346 86.1345 86.1345
5 100.9400 100.3154 100.2790 100.2727 100.2710 100.2704 100.2700 100.2698
6 114.2908 113.2996 113.2424 113.2326 113.2300 113.2290 113.2284 113.2281
SCSC 1 28.9657 28.9518 28.9510 28.9509 28.9509 28.9509 28.9509 28.9509
2 54.8324 54.7493 54.7443 54.7435 54.7432 54.7432 54.7431 54.7431
3 69.5644 69.3421 69.3300 69.3280 69.3274 69.3272 69.3271 69.3270
4 94.8898 94.6055 94.5894 94.5866 94.5858 94.5855 94.5854 94.5853
5 102.9281 102.2659 102.2263 102.2194 102.2175 102.2168 102.2164 102.2162
6 130.7408 129.2092 129.1182 129.1027 129.0985 129.0970 129.0960 129.0955hand, from Figures 9 and 10, one sees that the location of the
maximum response moves from left side of the midpoint to the
right side of the midpoint (or approaches to the right end of
the plate) as the magnitude of the acceleration increases. But,
it moves from right side of the midpoint to the left side of the
midpoint (or approaches to the left end of the plate) as the
deceleration values increase, as it can be seen from Figures 11
and 12.
Figure 13 shows the influence of foundation stiffness on
the dynamic response of simply supported plates subjected to
a moving mass and linearly varying inplane stresses for both
accelerated and deceleratedmotions of the movingmass. It can
be clearly seen that the plate responses decrease considerably
as the magnitude of the foundation stiffness increases. In
Figure 14 the influences of inplane stresses on the response of
plates under moving mass are investigated. Note that the plate
under investigation is under linearly varying inplane stresses in
the forms: NxD = N
x
0
D y and
Ny
D = N
y
0
D x. Obviously, the dynamic
deflections of the plate decrease when the magnitude of
inplane stresses increase. Moreover, the plate response is
more influenced by magnitude of Nx than that of the Ny.
In other words, the dynamic response of plates subjected to
dynamic moving loads is more sensitive to the inplane stresses
correspond to the direction where the load is travelling.
6. Comparison with FEM
In this section we compare the proposed technique with
FEM in order to demonstrate how accurate is the method.
For completeness, the FEM is briefly described. Consider the
free vibration of an elastic rectangular plates. The governing
differential equation is:
w,xxxx + 2w,xxyy + w,yyyy + ρhD w,tt = 0. (75)
For free vibration, the transverse displacementw is assumed to
be harmonic as:
w(x, y, t) = W (x, y) exp(iωt). (76)
Substitution of Eq. (76) into Eq. (75) gives:
W,xxxx + 2W,xxyy +W,yyyy = Ω2W , (77)wherein:
Ω2 = ω2ρh/D. (78)
In FEM, the plate domain is first divided into a finite number
of square elements. It is noted that the convergence and
accuracy of the FEMwith square elements are better than those
with rectangular elements [58]. For this reason, in this study,
square elements are used in the finite element formulation
of the plate problem. Let nx and ny be the number of finite
elements in the x- and y-directions, respectively. Hence, the
total number of finite elements becomes N = nx × ny. For
a square element, the transverse displacement W may be
approximated in the form [58].
W (x, y) =
p
j=1
WjΨj(x, y), (79)
where Wj denote the nodal values of W and its derivatives,
Ψj are the interpolation functions, and p is the number of
terms in interpolation functions. In this study, the interpolation
functionsΨj are assumed to be Hermite polynomials which can
be obtained from the tensor product of the one dimensional
Hermite cubic polynomials as follows:
Ψ1 Ψ5 Ψ9 Ψ13
Ψ2 Ψ6 Ψ10 Ψ14
Ψ3 Ψ7 Ψ11 Ψ15
Ψ4 Ψ8 Ψ12 Ψ16
 =

1− 3X2 + 2X3
−hX(1− X)2
3X2 − 2X3
−hX(X2 − X)

×{1− 3Y 2 + 2Y 3 −hY (1− Y )2 3Y 2 − 2Y 3 −hY (Y 2 − Y )}, (80)
where:
X = x/d, Y = y/d, (81)
and d is the length of the square element.
Substituting Eq. (79) into Eq. (77), multiplying both sides
of resulting equation by Ψi(x), and performing the integration
over the area of the plate element, we obtain [58]:
[K e]{W e} = Ω2[Me]{W e}, (82)
where:
K eij =
 d
0
 d
0
[Ψi,xxΨj,xx + 2Ψi,xyΨj,xy + Ψi,yyΨj,yy]dxdy, (83)
Meij =
 d
0
 d
0
ΨiΨjdxdy. (84)
1210 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Table 5: Comparison of FEM and Ritz-DQM solutions for natural frequencies
Ä
Ωi = ωia2√ρh/D
ä
of rectangular plates with different boundary conditions
(a/b = 0.4).
Plate Method Size of resulting
eigenvalue problem
Ω2 Ω4 Ω6 Ω8
SSSS FEM* 100× 100 16.1913 35.5852 45.8539 53.7788
400× 400 16.1865 35.1667 45.7987 53.6960
900× 900 16.1862 35.1420 45.7957 53.6917
1600× 1600 16.1862 35.1378 45.7952 53.6910
2500× 2500 16.1862 35.1366 45.7951 53.6908
3600× 3600 16.1862 35.1362 45.7950 53.6907
4900× 4900 16.1862 35.1360 45.7950 53.6907
6400× 6400 16.1862 35.1359 45.7950 53.6907
Present** 25× 25 16.1959 41.0576 47.8097 58.0849
35× 35 16.1862 35.7860 45.7950 53.6809
45× 45 16.1862 35.1567 45.7950 53.6905
55× 55 16.1862 35.1358 45.7950 53.6906
65× 65 16.1862 35.1358 45.7950 53.6906
75× 75 16.1862 35.1358 45.7950 53.6906
Exact [56] 16.1862 35.1358 45.7950 53.6906
SCSS FEM* 90× 90 17.2113 38.5015 46.4756 57.4227
380× 380 17.1889 37.8815 46.3726 54.8933
870× 870 17.1875 37.8417 46.3644 54.8769
1560× 1560 17.1873 37.8349 46.3628 54.8736
2450× 2450 17.1872 37.8330 46.3623 54.8727
3540× 3540 17.1872 37.8323 46.3622 54.8723
4830× 4830 17.1872 37.8320 46.3621 54.8722
6320× 6320 17.1872 37.8319 46.3620 54.8721
Present** 25× 25 17.2209 41.2051 51.8903 79.8325
35× 35 17.1874 38.7763 46.3633 54.8779
45× 45 17.1872 37.8678 46.3623 54.8725
55× 55 17.1872 37.8320 46.3620 54.8721
65× 65 17.1872 37.8317 46.3620 54.8720
75× 75 17.1872 37.8317 46.3620 54.8720
Exact [56] 17.1872 37.8317 46.3620 54.8720
SCSC FEM* 80× 80 18.4183 41.4727 47.1857 63.2508
360× 360 18.3687 40.8252 47.0202 56.9237
840× 840 18.3656 40.7650 47.0055 56.7258
1520× 1520 18.3650 40.7548 47.0025 56.6916
2400× 2400 18.3648 40.7520 47.0016 56.6822
3480× 3480 18.3648 40.7510 47.0012 56.6788
4760× 4760 18.3648 40.7505 47.0011 56.6773
6240× 6240 18.3648 40.7503 47.0010 56.6766
Present** 25× 25 18.4571 41.3721 54.8305 88.4154
35× 35 18.3658 41.3790 47.0058 56.2033
45× 45 18.3648 40.8398 47.0019 56.1785
55× 55 18.3647 40.7518 47.0010 56.6042
65× 65 18.3647 40.7500 47.0009 56.6739
75× 75 18.3647 40.7500 47.0009 56.6756
85× 85 18.3647 40.7500 47.0009 56.6756
95× 95 18.3647 40.7500 47.0009 56.6756
Exact [56] 18.3647 40.7500 47.0009 56.6756
* N = 25, 100, 225, 400, 625, 900, 1225, 1600.
** n = 5,m = 9, 11, 13, 15, 17, 19.By assembly of finite element equations (Eq. (82)) and imposing
the geometric boundary conditions (see [58] for detail), one has:
[K ]{W } = Ω2[M]{W }, (85)
wherein:
[K ] =
N
e=1
[K e]exp, (86)
[M] =
N
e=1
[Me]exp, (87)
where the subscript ‘‘exp’’ means that the associated matrix
is written in the global coordinate system. Clearly, the natural
frequencies of the plate can be obtained from the solution of
the generalized eigenvalue problem given in Eq. (85).To verify the finite element formulation presented in this
section, the convergence behavior and accuracy of the results
for the first six natural frequencies of square plates with
different boundary conditions are studied. The numerical
results are compared with the analytical solutions obtained
by Leissa [56] in Table 4. It can be seen that the present FEM
solution results agree well with the analytical solutions given
by Leissa. In Tables 5 and 6, the results of mixed Ritz-DQM
are compared with those of FEM for rectangular SSSS, SCSS,
and SCSC plates with different aspect ratios (a/b). The results
are compared with exact solutions given by Leissa. It can be
observed from Tables 5 and 6 that the present mixed method
gives strikingly much better accuracy than the FEM with a
considerably smaller size of resultant eigenvalue problem and
therefore requiring relatively little computational effort. In
S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213 1211Table 6: Comparison of FEM and Ritz-DQM solutions for natural frequencies
Ä
Ωi = ωia2√ρh/D
ä
of rectangular plates with different boundary conditions
(a/b = 2.5).
Plate Method Size of resulting
eigenvalue problem
Ω2 Ω4 Ω6 Ω8
SSSS FEM* 100× 100 101.1956 222.4074 286.5871 336.1175
400× 400 101.1654 219.7918 286.2420 335.6000
900× 900 101.1638 219.6373 286.2232 335.5731
1600× 1600 101.1636 219.6109 286.2200 335.5686
2500× 2500 101.1635 219.6037 286.2191 335.5674
3600× 3600 101.1635 219.6011 286.2188 335.5670
4900× 4900 101.1635 219.6000 286.2187 335.5668
6400× 6400 101.1635 219.5995 286.2186 335.5667
Present** 25× 25 101.1636 219.5987 286.5501 335.9109
35× 35 101.1634 219.5987 286.2241 335.5715
45× 45 101.1634 219.5987 286.2184 335.5665
55× 55 101.1634 219.5987 286.2185 335.5666
65× 65 101.1634 219.5987 286.2185 335.5665
75× 75 101.1634 219.5987 286.2185 335.5665
Exact [56] 101.1634 219.5987 286.2185 335.5665
SCSS FEM* 90× 90 128.3855 239.9261 344.8604 392.0143
380× 380 128.3412 237.4336 323.7352 391.1247
870× 870 128.3388 237.2868 323.1204 391.0774
1560× 1560 128.3384 237.2618 323.0140 391.0695
2450× 2450 128.3383 237.2550 322.9847 391.0674
3540× 3540 128.3383 237.2525 322.9741 391.0666
4830× 4830 128.3383 237.2514 322.9696 391.0663
6320× 6320 128.3382 237.2509 322.9674 391.0661
Present** 25× 25 128.3401 237.2686 322.9974 392.2498
35× 35 128.3383 237.2506 322.9654 391.0759
45× 45 128.3382 237.2502 322.9642 391.0658
55× 55 128.3382 237.2502 322.9642 391.0659
65× 65 128.3382 237.2502 322.9642 391.0659
75× 75 128.3382 237.2502 322.9642 391.0659
Exact [56] 128.3382 237.2502 322.9642 391.0659
SCSC FEM*** 80× 80 164.8365 263.6647 394.3969 456.9774
360× 360 164.7448 261.2804 392.9734 447.3099
840× 840 164.7399 261.1402 392.8942 445.4509
1520× 1520 164.7390 261.1164 392.8808 445.1230
2400× 2400 164.7388 261.1098 392.8771 445.0320
3480× 3480 164.7387 261.1075 392.8758 444.9990
4760× 4760 164.7387 261.1064 392.8752 444.9849
6240× 6240 164.7387 261.1060 392.8749 444.9780
7920× 7920 164.7387 261.1057 392.8748 444.9743
9800× 9800 164.7387 261.1055 392.8747 444.9722
Present**** 30× 30 164.7366 261.1429 398.6053 445.0599
42× 42 164.7387 261.1058 392.9094 444.9718
54× 54 164.7387 261.1053 392.8749 444.9682
66× 66 164.7387 261.1053 392.8746 444.9682
78× 78 164.7387 261.1053 392.8746 444.9682
90× 90 164.7387 261.1053 392.8746 444.9682
Exact [56] 164.7387 261.1053 392.8746 444.9682
* N = 25, 100, 225, 400, 625, 900, 1225, 1600.
** n = 5,m = 9, 11, 13, 15, 17, 19.
*** N = 25, 100, 225, 400, 625, 900, 1225, 1600, 2025, 2500.
**** n = 6,m = 9, 11, 13, 15, 17, 19.Table 7, the numerical results are given for square CCCC, CCCS,
and CCSS square plates. The results of Ritzmethod [56], Discrete
Singular Convolution (DSC) method [59], and Generalized
Differential Quadrature (GDQ)method [59] are also included for
comparison. The size of resulting eigenvalue problem (i.e., the
size of mass or stiffness matrix) in each method for any set
of eigenvalues is also shown. Therefore, the computational
efficiency of the proposed method can be fairly compared
with that of FEM. It can be seen that the results of mixed
Ritz-DQ method have closer agreement with GDQM solution
results of Ng et al. [59] (claimed to be the most accurate
numericalmethod for solving eigenvalue problems in structural
analysis) than the FEM solutions with a smaller size of resulting
eigenvalue problem. Although FEM is highly flexible in handlingcomplex boundary conditions and irregular geometries, it
converges slowly with respect to mesh refinement and is
extremely expensive for achieving high precision, as it can be
seen from Tables 5–7.
7. Conclusions
A mixed method, which combines the Ritz method, the dif-
ferential quadrature (DQ) method, and the integral quadrature
(IQ)method, is proposed to study the transient response of rect-
angular plates subjected to linearly varying inplane stresses and
moving masses. The mixed method combines the high accu-
racy and efficiency of the DQ method and simplicity of the Ritz
method. An excellent rate of convergence is demonstrated and
1212 S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213Table 7: Comparison of FEM and Ritz-DQM solutions for natural frequencies
Ä
Ωi = ωia2√ρh/D
ä
of square plates with different boundary conditions.
Plate Method Size of resulting
eigenvalue problem
Ω1 Ω3 Ω5 Ω7
CCCC FEM* 64× 64 36.017 73.668 133.32 167.01
324× 324 35.988 73.413 131.70 165.14
784× 784 35.986 73.398 131.61 165.03
1444× 1444 35.985 73.395 131.59 165.01
2304× 2304 35.985 73.394 131.58 165.00
3364× 3364 35.985 73.394 131.58 165.00
Present** 55× 55 35.988 73.410 131.61 165.07
77× 77 35.986 73.400 131.59 165.03
99× 99 35.986 73.396 131.58 165.01
121× 121 35.985 73.396 131.58 165.01
Ritz [56] 35.992 73.413 131.64 –
DSC-LK [59] 35.989 73.407 131.62 165.07
GDQ [59] 35.985 73.394 131.58 165.00
CCCS FEM* 72× 72 31.846 71.327 117.49 153.24
342× 342 31.827 71.093 116.43 151.99
812× 812 31.826 71.079 116.37 151.91
1482× 1482 31.826 71.077 116.36 151.90
2352× 2352 31.826 71.077 116.36 151.89
3422× 3422 31.826 71.076 116.36 151.89
Present*** 55× 55 31.828 71.086 116.36 151.94
77× 77 31.826 71.079 116.36 151.91
99× 99 31.826 71.077 116.36 151.90
121× 121 31.826 71.077 116.36 151.90
143× 143 31.826 71.076 116.36 151.89
165× 165 31.826 71.076 116.36 151.89
Ritz [56] 31.829 71.084 116.40 –
DSC-LK [59] 31.828 71.087 116.38 151.94
GDQ [59] 31.826 71.076 116.36 151.89
CCSS FEM* 81× 81 27.064 60.918 115.65 146.93
361× 361 27.055 60.795 114.63 145.86
841× 841 27.054 60.788 114.57 145.79
1521× 1521 27.054 60.787 114.56 145.78
2401× 2401 27.054 60.786 114.56 145.78
3481× 3481 27.054 60.786 114.56 145.78
Present*** 55× 55 27.055 60.792 114.57 145.85
77× 77 27.054 60.788 114.56 145.80
99× 99 27.054 60.787 114.56 145.79
121× 121 27.054 60.786 114.56 145.78
143× 143 27.054 60.786 114.55 145.78
165× 165 27.054 60.786 114.55 145.78
Ritz [56] 27.056 60.791 114.57 –
DSC-LK [59] 27.055 60.791 114.57 145.81
GDQ [59] 27.054 60.786 114.55 145.78
* N = 25, 100, 225, 400, 625, 900.
** m = 15, n = 5, 7, 9, 11.
*** m = 15, n = 5, 7, 9, 11, 13, 15.the results are in good agreement with the available results
even with a few numbers of Ritz terms and DQ sample points
in the numerical examples presented.
References
[1] Fryba, L., Vibration of Solids and Structures Under Moving Loads, 3rd Edn.,
Thomas Telford Ltd., Czech Republic (1999).
[2] Stanisic, M.M. and Hardin, J.C. ‘‘On the dynamic response of beams to an
arbitrary number of concentrated moving masses’’, J. Franklin Inst., 287,
pp. 115–123 (1969).
[3] Nelson, H.D. and Conover, R.A. ‘‘Dynamic stability of a beam carrying
moving masses’’, ASME J. Appl. Mech., 38, pp. 1003–1006 (1971).
[4] Hutton, D.V. and Counts, J. ‘‘Deflections of a beamcarrying amovingmass’’,
ASME J. Appl. Mech., 41, pp. 803–804 (1974).
[5] Benedetti, G.A. ‘‘Dynamic stability of a beam loaded by a sequence of
moving mass particles’’, ASME J. Appl. Mech., 41, pp. 1069–1071 (1974).
[6] Saigal, S. ‘‘Dynamic behavior of beam structures carryingmovingmasses’’,
ASME J. Appl. Mech., 53, pp. 222–224 (1986).
[7] Akin, J.E. and Mofid, M. ‘‘Numerical solution for response of beams with
moving mass’’, J. Struct. Eng., 115(1), pp. 120–131 (1989).[8] Duffy, D.G. ‘‘The response of an infinite railroad track to amoving, vibrating
mass’’, ASME J. Appl. Mech., 57, pp. 66–73 (1990).
[9] Esmailzadeh, E. andGhorashi,M. ‘‘Vibration analysis of beams traversed by
uniform partially distributed moving masses’’, J. Sound Vib., 184, pp. 9–17
(1995).
[10] Rao, G.V. ‘‘Linear dynamics of an elastic beam under moving loads’’, ASME
J. Vibr. Acoust., 122, pp. 281–289 (2000).
[11] Lee, K.-Y. and Renshaw, A.A. ‘‘Solution of the moving mass problem using
complex eigenfunction expansions’’, ASME J. Appl. Mech., 67, pp. 823–827
(2000).
[12] Bilello, C. and Bergman, L.A. ‘‘Vibration of damaged beams under amoving
mass: theory and experimental validation’’, J. Sound Vib., 274, pp. 567–582
(2004).
[13] Biondi, B., Muscolino, G. and Sidoti, A. ‘‘Methods for calculating bending
moment and shear force in themovingmass problem’’, ASME J. Vib. Acoust.,
126, pp. 542–552 (2004).
[14] Nikkhoo, A., Rofooei, F.R. and Shadnam, M.R. ‘‘Dynamic behavior and
modal control of beams under moving mass’’, J. Sound Vib., 306,
pp. 712–724 (2007).
[15] Kiani, K., Nikkhoo, A. and Mehri, B. ‘‘Prediction capabilities of classical and
shear deformable beam models excited by a moving mass’’, J. Sound Vib.,
320(3), pp. 632–648 (2009).
S.A. Eftekhari, A.A. Jafari / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 1195–1213 1213[16] Ariaei, A., Ziaei-Rad, S. and Ghayour, M. ‘‘Vibration analysis of beams with
open and breathing cracks subjected tomovingmasses’’, J. Sound Vib., 326,
pp. 709–724 (2009).
[17] Dehestani, M., Mofid, M. and Vafai, A. ‘‘Investigation of critical influential
speed for moving mass problems on beams’’, Appl. Math. Model., 33(10),
pp. 3885–3895 (2009).
[18] Kiani, K., Nikkhoo, A. and Mehri, B. ‘‘Parametric analyses of multi-span
viscoelastic shear deformable beams under excitation of a moving mass’’,
ASME J. Vib. Acoust., 131, p. 051009 (2009).
[19] Şimşek, M. ‘‘Vibration analysis of a functionally graded beam under a
moving mass by using different beam theories’’, Compos. Struct., 92(4),
pp. 904–917 (2010).
[20] Mofid, M., Tehranchi, A. and Ostadhossein, A. ‘‘On the viscoelastic beam
subjected to moving mass’’, Adv. Eng. Softw., 41(2), pp. 240–247 (2010).
[21] Ariaei, A., Ziaei-Rad, S. and Ghayour, M. ‘‘Repair of a cracked Timoshenko
beam subjected to amovingmass using piezoelectric patches’’, Int. J. Mech.
Sci., 52(8), pp. 1074–1091 (2010).
[22] Khalili, S.M.R., Jafari, A.A. and Eftekhari, S.A. ‘‘A mixed Ritz-DQ method
for forced vibration of functionally graded beams carrying moving loads’’,
Compos. Struct., 92(10), pp. 2497–2511 (2010).
[23] Oni, S.T. and Omolofe, B. ‘‘Dynamic response of prestressed Rayleigh beam
resting on elastic foundation and subjected to masses traveling at varying
velocity’’, ASME J. Vib. Acoust., 133, p. 041005 (2011).
[24] Stancioiu, D., Ouyang, H., Mottershead, J.E. and James, S. ‘‘Experimental
investigations of a multi-span flexible structure subjected to moving
masses’’, J. Sound Vib., 330, pp. 2004–2016 (2011).
[25] Eftekhari, S.A. and Jafari, A.A. ‘‘Coupling Ritz method and triangular
quadrature rule for moving mass problem’’, ASME J. Appl. Mech., 79(2),
p. 021018 (2012).
[26] Yang, J., Chen, Y., Xiang, Y. and Jia, X.L. ‘‘Free and forced vibration of a
cracked FGM beam under an axial force and a moving load’’, J. Sound Vib.,
312, pp. 166–181 (2008).
[27] Simsek, M. and Kocaturk, T. ‘‘Free and forced vibration of a functionally
graded beam subjected to a concentratedmoving harmonic load’’, Compos.
Struct., 90, pp. 465–473 (2009).
[28] Eftekhari, S.A., Farid, M. and Khani, M. ‘‘Dynamic analysis of laminated
composite coated beams carrying multiple accelerating oscillators using
a coupled finite element-differential quadrature method’’, ASME J. Appl.
Mech., 76, p. 061001 (2009).
[29] Eftekhari, S.A. and Khani, M. ‘‘A coupled finite element-differential
quadrature element method and its accuracy for moving load problem’’,
Appl. Math. Model., 34, pp. 228–237 (2010).
[30] Şimşek, M. ‘‘Non-linear vibration analysis of a functionally graded
Timoshenko beam under action of a moving harmonic load’’, Compos.
Struct., 92(10), pp. 2532–2546 (2010).
[31] Mohebpour, S.R., Fiouz, A.R. andAhmadzadeh, A.A. ‘‘Dynamic investigation
of laminated composite beams with shear and rotary inertia effect
subjected to the moving oscillators using FEM’’, Compos. Struct., 93(3),
pp. 1118–1126 (2011).
[32] Yan, T., Kitipornchai, S., Yang, J. and He, X.Q. ‘‘Dynamic behavior of
edge-cracked shear deformable functionally graded beams on an elastic
foundation under a moving load’’, Compos. Struct., 93(11), pp. 2992–3001
(2011).
[33] Jafari, A.A. and Eftekhari, S.A. ‘‘A new mixed finite element-differential
quadrature formulation for forced vibration of beams carrying moving
loads’’, ASME J. Appl. Mech., 78(1), p. 011020 (2011).
[34] Taheri, M.R. and Ting, E.C. ‘‘Dynamic response of plate to moving loads:
Structural impedance method’’, Comput. Struct., 33(6), pp. 1379–1393
(1989).
[35] Taheri, M.R. and Ting, E.C. ‘‘Dynamic response of plates to moving loads:
finite element method’’, Comput. Struct., 34(3), pp. 509–521 (1990).
[36] Gbadeyan, J.A. and Oni, S.T. ‘‘Dynamic response to moving concentrated
masses of elastic plates on a non-Winkler elastic foundation’’, J. Sound Vib.,
154(2), pp. 343–358 (1992).
[37] Cifuentes, A. and Lalapet, S. ‘‘A general method to determine the dynamic
response of a plate to a moving mass’’, Comput. Struct., 42(1), pp. 31–36
(1992).
[38] Gbadeyan, J.A. and Oni, S.T. ‘‘Dynamic behaviour of beams and rectangular
plates under moving loads’’, J. Sound Vib., 182(5), pp. 677–695 (1995).
[39] Huang, M.-H. and Thambiratnam, D.P. ‘‘Deflection response of plate on
Winkler foundation to moving accelerated loads’’, Eng. Struct., 23(9),
pp. 1134–1141 (2001).[40] Shadnam, M.R., Mofid, M. and Akin, J.E. ‘‘On the dynamic response
of rectangular plate, with moving mass’’, Thin-Walled Struct., 39(9),
pp. 797–806 (2001).
[41] de Faria, A.R. and Oguamanam, D.C.D. ‘‘Finite element analysis of
the dynamic response of plates under traversing loads using adaptive
meshes’’, Thin-Walled Struct., 42(10), pp. 1481–1493 (2004).
[42] Kim, S.-M. ‘‘Buckling and vibration of a plate on elastic foundation
subjected to in-plane compression and moving loads’’, Int. J. Solids Struct.,
41(20), pp. 5647–5661 (2004).
[43] Lee, S.-Y. and Yhim, S.-S. ‘‘Dynamic analysis of composite plates subjected
to multi-moving loads based on a third order theory’’, Int. J. Solids Struct.,
41, pp. 4457–4472 (2004).
[44] Wu, J.-J. ‘‘Dynamic analysis of a rectangular plate under amoving line load
using scale beams and scaling laws’’, Comput. Struct., 83, pp. 1464–1658
(2005).
[45] Rofooei, F.R. and Nikkhoo, A. ‘‘Application of active piezoelectric patches
in controlling the dynamic response of a thin rectangular plate under a
moving mass’’, Int. J. Solids Struct., 46, pp. 2429–2443 (2009).
[46] Malekzadeh, P., Fiouz, A.R. and Razi, H. ‘‘Three-dimensional dynamic
analysis of laminated composite plates subjected tomoving load’’, Compos.
Struct., 90(2), pp. 105–114 (2009).
[47] Ghafoori, E. and Asghari, M. ‘‘Dynamic analysis of laminated composite
plates traversed by a moving mass based on a first-order theory’’, Compos.
Struct., 92(8), pp. 1865–1876 (2010).
[48] Malekzadeh, P., Golbahar Haghighi, M.R. and Gholami, M. ‘‘Dynamic
response of thick laminated annular sector plates subjected to moving
load’’, Compos. Struct., 92(1), pp. 155–163 (2010).
[49] Sheng, G.G. and Wang, X. ‘‘Response and control of functionally graded
laminated piezoelectric shells under thermal shock andmoving loadings’’,
Compos. Struct., 93(1), pp. 132–141 (2011).
[50] Rieker, J.R., Lin, Y.-H. and Trethewey, M.W. ‘‘Discretization considerations
in moving load finite element beam models’’, Finite Elem. Anal. Des., 21,
pp. 129–144 (1996).
[51] Jafari, A.A. and Eftekhari, S.A. ‘‘An efficient mixed methodology for free
vibration and buckling analysis of orthotropic rectangular plates’’, Appl.
Math. Comput., 218, pp. 2672–2694 (2011).
[52] Eftekhari, S.A. and Jafari, A.A. ‘‘A mixed method for free and forced
vibration of rectangular plates’’, Appl. Math. Model., 36, pp. 2814–2831
(2012).
[53] Bathe, K.J. and Wilson, E.L., Numerical Methods in Finite Element Analysis,
Prentic-Hall, Englewood Cliffs, NJ (1976).
[54] Bert, C.W. andMalik,M. ‘‘Differential quadraturemethod in computational
mechanics: a review’’, ASME Appl. Mech. Rev., 49, pp. 1–28 (1996).
[55] Shu, C., Differential Quadrature and Its Application in Engineering, Springer
Publication, New York (2000).
[56] Leissa, A.W. ‘‘The free vibration of rectangular plates’’, J. Sound Vib., 31(3),
pp. 257–293 (1973).
[57] Wang, X., Wang, X. and Shi, X. ‘‘Differential quadrature buckling analyses
of rectangular plates subjected to non-uniform distributed in-plane
loading’’, Thin-Walled Struct., 44, pp. 837–843 (2006).
[58] Reddy, J.N.,An Introduction to the Finite ElementMethod, 2ndEdn.,McGraw-
Hill, New York (1993).
[59] Ng, C.H.W., Zhao, Y.B. and Wei, G.W. ‘‘Comparison of discrete singular
convolution and generalized differential quadrature for the vibration
analysis of rectangular plates’’, Comput. Methods Appl. Mech. Engrg., 193,
pp. 2483–2506 (2004).
Seyyed Aboozar Eftekhari received his B.S. degree in Mechanical Engineering
from Sharif University of Technology, Iran, in 2003, and his M.S. degree
from Shiraz University in 2006. He is currently a Ph.D. student at K.N. Toosi
University of Technology. His research interests include applied mathematics,
time integration schemes and vibration of continuous systems.
Ali Asghar Jafari received his Ph.D. degree in Mechanical Engineering from
University of Wollongong, Australia, in 1994. He is currently an Associate
Professor in the Department of Mechanical Engineering at K.N. Toosi University
of Technology, Iran. His research fields are dynamics and vibrations of beams,
plates and shells, composite structures and automotive engineering.
